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LetG be a graph of order n and let P(G, λ) = ∑nk=0(−1)kckλn−k be the
characteristic polynomial of its Laplacian matrix. Generalizing an
approach of Mohar on graph transformations, we show that among
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1. Introduction
Let G = (V , E) be a simple undirected graph with n = |V | vertices andm = |E| edges. The Laplacian
polynomial P(G, λ) of G is the characteristic polynomial of its Laplacian matrix L(G) = D(G) − A(G),
P(G, λ) = det(λIn − L(G)) =
n∑
k=0
(−1)kckλn−k.
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Laplacian coefﬁcients ck can be expressed in terms of subtree structures ofG by the following result
of Kelmans and Chelnokov [1]. Let F be a spanning forest ofGwith components Ti, i = 1, 2, . . . , k, having
ni vertices each, and let γ (F) =
∏k
i=1 ni.
Theorem 1.1. The Laplacian coefﬁcient cn−k of a graph G is given by
cn−k =
∑
F∈Fk
γ (F),
whereFk is the set of all spanning forests of G with exactly k components.
The Laplacian matrix L(G) has non-negative eigenvalues μ1  μ2  · · · μn−1  μn = 0. From
Viette’s formulas, ck = σk(μ1,μ2, . . . ,μn−1) is a symmetric polynomial of order n − 1. In particular, we
have c0 = 1, cn = 0, c1 = 2m, cn−1 = nτ(G), where τ(G) denotes the number of spanning trees of G (see
[2]). For unicyclic graphs, c1 = 2n and cn−1 is n times the size of a cycle in G.
Let Cn be the cycle of order n. Let S
′
n be the graph obtained from the n-vertex star Sn by joining two
of its pendent vertices with an edge. Our main results are the following.
Theorem 1.2. Let G be a connected unicyclic graph on n vertices and let k be an integer, 2 k  n − 1.
Then ck(G) < ck(Cn) if G  Cn.
Theorem 1.3. Let G be a connected unicyclic graph on n vertices and let k be an integer, 2 k  n − 2.
Then ck(S
′
n) < ck(G) if G  S
′
n.
The plan of the paper is as follows: In the next section we generalize result of Mohar [10] on
π and σ transformation of trees to general graphs using Kelmans theorem. Then in Section 3 we
introduce γ and τ transformation of unicyclic graphs. Finally, in Section 4 we prove that the cycle Cn
has maximum Laplacian coefﬁcients among connected unicyclic graphs and in Section 5 we prove
that S′n has minimum Laplacian coefﬁcients among connected unicyclic graphs. In the Section 6 we
prove that Cn has maximum, while S
′
n has minimum Laplacian-like energy among unicyclic graphs. In
addition,wecalculate theLaplaciancoefﬁcients andLaplacian-likeenergyof extremal graphsCn and S
′
n.
2. π and σ transformations
Let w be a vertex of a connected graph G. We say that P = wv1v2 · · · vp is a pendant path of length
p attached at vertex w if internal vertices v1, v2, . . . , vp−1 have degree two and vp is a leaf. Graph G \ P
is a graph obtained from G by removing vertices v1, v2, . . . , vp of path P.
Fig. 1. π-transformation applied to G at vertex w.
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Deﬁnition 2.1. Suppose that deg(w) 3 and that P = wv1v2 · · · vp and Q = wu1u2 · · ·uq are distinct
pendantpathsof lengthsp 1andq 1, respectively, attachedatw. FormagraphG′ = π(G,w, P,Q )by
removing paths P andQ and replacing themwith another path R = wv1v2 · · · vpu1u2 · · ·uq of length p +
q by deleting edge {w,u1} and inserting edge {vp,u1}. We say that G′ is a π-transform of G
(see Fig. 1).
Theorem 2.1. Let G′ = π(G,w, P,Q ). Then for every k = 0, 1, . . . ,n
ck(G) ck(G′), (1)
with equality if and only if k ∈ {0, 1,n − 1,n}.
Proof. Laplacian coefﬁcients c0 = 1 and cn = 0 are constant, while the number of edges and c1 = 2m
remain the same after π-transformation. Every spanning tree of G contains both paths P and Q , and
similarly, every spanning tree of G′ contains pendant path R. This means that G and G′ have the same
number of spanning trees and thus we have equality cn−1 = nτ(G) = nτ(G′) = cn−1(G′).
Now assume that 2 k  n − 2. Consider coefﬁcient cn−k and arbitrary spanning forest F of G
with k components. Assume that w belongs to a tree T from F which contains a 1 vertices in G \
(P ∪ Q ) (counting w as well), ﬁrst b, 0 b p, vertices on path P and ﬁrst c, 0 c  q, vertices on
path Q .
If b = p, let T ′ be the tree obtained from T by deleting edgewu1 and adding edge vpu1. The forest F ′
of G′ which corresponds to F is given by
F ′ = (F \ T) ∪ {T ′},
and, obviously, γ (F) = γ (F ′).
On the other hand, if b p − 1, let T ′ be that part of T with a + b vertices not containing edgewu1,
and let T
′′
be the remaining part of T . Furthermore, a tree S from F that contains the last vertex on path
P is a path with d, 1 d  p − b vertices. Now, let S′ be union of S and T ′′ . The forest F ′ of G′ which
corresponds to F is given by
F ′ = (F \ {S, T}) ∪ {S′, T ′}.
This correspondence is obviously an injection.
Next, consider the subsetF∗ of those spanning forests F of G with k components which coincide
on G \ (T ∪ S) (the part of F on P between T and Smay be translated), and for which b + d = M is ﬁxed.
For such forests,
γ (F) = |T | · |S| ·
k−2∏
i=1
ni = (a + b + c)dN,
for some constant value N. Since a 1 and d  1, the corresponding spanning forest F ′ of G′ also
contains k trees, and we have
γ (F ′) = |T ′| · |S′| ·
k−2∏
i=1
ni = (a + b)(c + d)N.
The sum of numbers γ (F) for forests inF∗, divided by N, is
S =
M−1∑
b=0
(a + b + c)d =
M−1∑
b=0
(a + b + c)(M − b)
=
M−1∑
b=0
(a + b)(M − b) + c
M−1∑
b=0
(M − b)
=
M−1∑
b=0
(a + b)(M − b) + c
M∑
b=1
b.
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Fig. 2. σ -transformation applied to G at vertex w.
On the other hand, the sum for corresponding forests of G′ is
S′ =
M−1∑
b=0
(a + b)(c + d) =
M−1∑
b=0
(a + b)(c + M − b)
=
M−1∑
b=0
(a + b)(M − b) + c
M−1∑
b=0
(a + b)
=
M−1∑
b=0
(a + b)(M − b) + cMa + c
M−1∑
b=0
b.
Thus, S′ −S = cM(a − 1) 0. Since deg(w) 3, and hence G \ (P ∪ Q ) has other vertices than w,
there exists a subsetF∗ of spanning forests of G for which a > 1 (and cM > 0). Now, the inequal-
ity cn−k(G) cn−k(G′), follows from Kelmans formula by summing over all possible subsets F∗ of
k-component spanning forests of G. By setting k → n − k, the inequality (1) follows. 
Deﬁnition 2.2. Letw be a vertex of degree p + 1 in a graphG, which is not a star, such thatwv1,wv2, . . . ,
wvp are pendent edges incident withw and u is the neighbor ofw distinct from v1, v2, . . . , vp. We form
a graph G′ = σ(G,w) by removing edgeswv1,wv2, . . . ,wvp and adding new edges uv1,uv2, . . . ,uvp. We
say that G′ is σ -transform of G (see Fig. 2).
Theorem 2.2. Let G′ = σ(G,w) be a σ -transform of a graph G. Then for every 0 k  n holds
ck(G) ck(G′), (2)
with equality if and only if k ∈ {0, 1,n − 1,n}.
Proof. Laplacian coefﬁcients c0 = 1 and cn = 0 are constant, while the number of edges and c1 = 2m
remain the same after σ -transformation. Also, G and G′ have the same number of spanning trees and
thus we have equality cn−1 = nτ(G) = nτ(G′) = cn−1(G′).
Nowassume that 2 k  n − 2. Consider coefﬁcient cn−k andarbitrary spanning forest F ′ inG′ with
k components. Let T ′ be a tree from F ′ that contains vertex uwith a 1 vertices inG \ {w, v1, v2, . . . , vp}.
Let b, 0 b p + 1 be the number of isolated vertices in F ′ among pendent vertices w, v1, v2, . . . vp.
If b = 0, corresponding tree T has same vertices as T ′ and therefore, for F = (F ′ \ {T ′}) ∪ {T}, we have
γ (F) = γ (F ′). In special case b = p + 1, vertices w, v1, . . . , vp are isolated in both forests, and so F = F ′,
and obviously γ (F) = γ (F ′).
Suppose now that 1 b p. Consider the subsetF∗ of those spanning forests of G′ with k com-
ponents which coincide on G′ without vertices u,w, v1, v2, . . . , vp and for which numbers a and b are
ﬁxed. The sum of all such γ (F ′) equals
S′ =
(
p + 1
b
)
(a + p + 1 − b) ·
k−b−1∏
i=1
ni,
because we can choose b isolated vertices from the set {w, v1, v2, . . . , vp} in
(p+1
b
)
ways and tree T ′
has a + p + 1 − b vertices. On the other hand, in G we can construct b isolated vertices in two ways,
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Fig. 3. Example of γ -transformation for a = 3, b = 2, c = 1 and d = 3.
depending onwhether we include the edge {u,w} in a forest. If we include the edge {u,w} in some tree
of F we have to choose b isolated vertices in order to preserve the number of trees in forest F; in other
case, we choose b − 1 isolated vertices and the remaining tree has p + 1 − (b − 1) vertices. Therefore,
corresponding sum in the graph G equals
S =
((
p
b
)
(a + p + 1 − b) +
(
p
b − 1
)
a(p + 1 − (b − 1))
)
·
k−b−1∏
i=1
ni.
From
(
p + 1
b
)
=
(
p
b
)
+
(
p
b − 1
)
, it follows
S−S′ =
(
p
b − 1
)
(a · (p − b + 2) − (a + p + 1 − b)) ·
k−b−1∏
i=1
ni
=
(
p
b − 1
)
(p − b + 1)(a − 1) ·
k−b−1∏
i=1
ni  0.
Since graphG  Sn, there exists a subsetF
∗
of spanning forests ofG′ forwhich a > 1 and the inequality
(2) follows from Kelmans formula by summing over all possible subsetsF∗ of k-component spanning
forests of G′. 
3. γ and τ transformations
Deﬁnition 3.1. Let w be a vertex in a cycle C of a connected unicyclic graph G. Assume that G has
pendant path P = wv1v2 · · · vp attached to w. If u is one of two neighbors of w in C, let G′ = γ (G,w, P)
be a graph obtained from G by removing edge {u,w} and adding edge {u, vp}. We say that G′ is a
γ -transform of G (see Fig. 3).
Theorem 3.1. Let G′ = γ (G,w, P) be a γ -transform of a connected unicyclic graph G. For every 0 k  n
holds
ck(G) ck(G′), (3)
with equality if and only if k ∈ {0, 1,n}.
Proof. Equality for c0 = 1, c1 = 2m and cn = 0 is obvious. The length of a cycle in G′ is greater than the
length of a cycle in G and therefore, cn−1(G) < cn−1(G′).
Consider coefﬁcient cn−k and arbitrary spanning forest F of Gwith k components. If verticesw and
vp belong to the same tree in F , then corresponding trees in F
′ have the same number of vertices and
therefore γ (F) = γ (F ′). Otherwise, vertex w is in a tree T that contains a 0 vertices in a graph G \ P
on the same side as u, b 1 vertices on the other side of cycle (including w) and ﬁrst c, 0 c < p,
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Fig. 4. Example of τ-transformation for p = 3, q = 4, a = 2, b = 1 and c = 4.
vertices on path P. Furthermore, a tree S that contains the last vertex on path P is a path with d  1
vertices.
After removing edge {u,w}, tree T is decomposed in two disjoint parts—tree T ′′ that contains a
vertices and tree T ′ with b + c vertices. Thus, forest F ′ = (F \ {T , S}) ∪ {T ′, S′}, where S′ is union of trees
T
′′
and S. Therefore,
γ (F ′) − γ (F) = ((a + d)(b + c) − (a + b + c)d) ·
k−2∏
i=1
ni = a(b + c − d) · N,
for N = ∏k−2i=1 ni.
Consider a familyF∗ of spanning forests of Gwhich coincide on G \ (T ∪ S), having ﬁxed values a, b
and c + d = M. If we sum all differences for such forests, we get∑
F∈F∗
γ (F ′) − γ (F) =
∑
F∈F∗
a(b + c − d) · N
= aN
M−1∑
c=0
(b + 2c − M)
= aNM(b − 1) 0.
Since G contains a cycle, there exists at least one forest F such that a > 0 and b > 1, and then from
Kelmans formula it follows that cn−k(G) < cn−k(G′). 
Deﬁnition 3.2. Let v and w be two neighboring vertices on a cycle in an unicyclic graph G, such that
v has degree p + 2 and p pendent edges incident with v and w has degree q + 2 and q pendent edges
incident with w. We get graph G′ = τ(G, v,w) by contracting edge {v,w} and adding a new pendent
edge to vertex v. We say that G′ is a τ-transform of G (see Fig. 4).
Theorem 3.2. Let G′ = τ(G, v,w) be a τ-transform of a connected unicyclic graph G. For every 0 k  n
holds
ck(G) ck(G′),
with equality if and only if k ∈ {0, 1,n}.
Proof. This transformation obviously decreases the size of a cycle in G and preserves coefﬁcients
c0, c1, cn. For coefﬁcient cn−1 strict inequality cn−1(G) > cn−1(G′) holds. In order to prove inequality
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for 2 k  n − 2, we consider coefﬁcient cn−k and arbitrary spanning forest F ′ with k components of
graph G′. Assume that pq > 0. Let L be the set of p + q + 1 pendent vertices that are neighbors of v.
Suppose that cycles in G and G′ are oriented clockwise, such thatw comes after v in G. Assume that
v is in tree T ′, which contains a 1 vertices (including v) different from p + q + 1 pendent vertices
in counterclockwise direction from v, and b 0 vertices (excluding v) in clockwise direction from v.
Consider the subsetF∗ of those spanning forests F ′ which coincide on G′ \ (v ∪ L) and contain exactly
0 c  p + q + 1 isolated vertices in L.
Assume that 0 < c < p + q + 1. For F ′ ∈F∗ we have following summation in Kelmans formula:
S′ =
(
p + q + 1
c
)
· (a + b + p + q − c + 1) ·
k−c−1∏
i=1
ni.
In G there are two types of corresponding trees: trees that contain edge {v,w} and those that do not
contain edge {v,w}. For trees of the ﬁrst type, we have F = (F ′ \ T ′) ∪ {T}, and sum
S1 =
(
p + q
c
)
· (a + b + p + q − c + 1) ·
k−c−1∏
i=1
ni.
In the second type of forests we have two trees T and S in forest F instead of T ′, and we can choose
0 x  p isolated vertices within p neighbors of v and 0 c − 1 − x  q vertices among q neighbors
of w in order to preserve the number of components. Therefore, for this kind of forests F we have:
S2 =
∑
x
(
p
x
)(
q
c − 1 − x
)
(a + p − x)(b + 1 + q − (c − 1 − x)) ·
k−c−1∏
i=1
ni.
Using inequality xy  x + y − 1 for numbers that are greater than or equal to one,we estimate product:
(a + p − x)(b + 1 + q − (c − 1 − x))  a + b + p + q − c + 1. (4)
We also exploit well-known combinatorial summation identity (see [11]):∑
k
(
a
k
)(
b
n − k
)
=
(
a + b
n
)
.
Therefore, in Kelmans formula for graph G, we have following sum:
S =S1 +S2 
((
p + q
c
)
+
(
p + q
c − 1
))
· (a + b + p + q − c + 1) ·
k−c−1∏
i=1
ni.
For p = q = 0 there is exactly one pendent vertex attached at v. If this vertex represents a tree in
forest F ′, then tree T ′ has a + b vertices. In graph G we have two corresponding forests that coincide
on F ′ \ {T ′,w}, but instead trees T ′ and w have trees with a and b + 1 and a + 1 and b vertices. From
inequality a + b (a + 1)b + a(b + 1), in this case we have cn−k(G) cn−k(G′).
If c = 0 the corresponding trees in forests ofG andG′ have equal number of vertices. If c = p + q + 1,
in the forest F ′ we have p + q + 1 isolated vertices and one tree with a + b vertices. For b = 0 we have
γ (F) = γ (F ′), sowe can assume that b 1. If we plug c = 1 and x = 0 in the product (a + p − x)(b + 1 +
q − (c − 1 − x)), we will get (a + p)(1 + b + q) and both factors are strictly greater than 1. This saving
in estimation (4) is at least one and is enough to assure inequality in this special case.
This means thatSS′ and ﬁnally cn−k(G) cn−k(G′). 
Lemma 1. Let v,w and u be vertices of a triangle in unicyclic graph G(a, b, c), such that vertex v has a + 2
neighbors, vertex w has b + 2 neighbors and vertex u has c + 2 neighbors and a + b + c + 3 = n (see Fig.
5). If we delete all pendent edges from vertex u and attach them to vertex v we will get graph G(a + c, b, 0).
For k = 0, 1, . . . ,n we have inequality:
ck(G(a, b, c)) ck(G(a + c, b, 0)).
Proof. Equality holds for coefﬁcients c0, c1, cn−1 and cn. Consider coefﬁcient cn−k and spanning forests
of these graphswith k components such that there are exactly x isolated vertices between leaves of v, y
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Fig. 5. Example of graphs G(a, b, c) and G(a + c, b, 0).
isolated vertices between leaves ofw and z isolated vertices between leaves of u. Let A = a + 1 − x,B =
b + 1 − y and C = c + 1 − z. If we include the edge {v,u} in a forest, than we have trees of equal sizes in
both graphs. If we include both edges {v,w} and {w,u}, the corresponding trees also have equal number
of vertices, and thus γ (F) = γ (F ′) in these cases.
• if we include the edge {w,u} and not the edge {v,w}
γ (F) − γ (F ′) = A(B + C) − (A + C − 1)(B + 1)
• if we include the edge {v,w} and not the edge {w,u}
γ (F) − γ (F ′) = (A + B)C − (A + B + C − 1)
• if we exclude both edges {w,u} and {v,w}
γ (F) − γ (F ′) = ABC − B(A + C − 1)
After summing we have to prove inequality:
A(B + C) + (A + B)C + ABC  (A + C − 1)(B + 1) + (A + B + C − 1) + B(A + C − 1),
(A − 1)(C − 1)(B + 2)  0.
The last inequality is obviously true for positive integer numbers A,B and C. Since numbers a and c are
greater than or equal to 1, for the case x = z = 0 we have strict inequality. 
4. Cn has maximum Laplacian coefﬁcients
Deﬁnition 4.1. A unicyclic graph G is said to be a sun graph if cycle vertices have degree at most three
and remaining vertices have degree at most two.
Using π and γ transformations, we can now give a simultaneous proof to Theorem 1.2.
Proof. Let C = u1u2 · · ·uk be a cycle of connected unicyclic graph G, and let Ti be a tree attached
at ui, i = 1, 2, . . . , k (Ti does not contain any other cycle vertices). For i = 1, 2, . . . , k, we can apply π-
transformation to that vertex of Ti of degree at least three which is at largest distance from the root ui,
as long as Ti is not a path. This way we increase Laplacian coefﬁcients of G by Theorem 2.1.
Thus, an unicyclic graph with maximum Laplacian coefﬁcients has to be a sun graph. Now, we
can apply γ -transformation to a sun graph as long as it is not a cycle Cn, thus, further increasing its
Laplacian coefﬁcients.
Thus, we see that Cn uniquely maximizes Laplacian coefﬁcients ck for 2 k  n − 1 among con-
nected unicyclic graphs of order n. 
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5. S′n has minimum Laplacian coefﬁcients
Deﬁnition 5.1. A caterpillar graph is a tree such that if all leaf vertices and their incident edges are
removed, the remainder of the graph forms a path.
Using σ and τ transformations together with Lemma 1, we can now give a simultaneous proof to
Theorems 1.3 and 2.
Proof. Let C = u1u2 · · ·uk be a cycle of connected unicyclic graph G, and let Ti be a tree attached at
ui, i = 1, 2, . . . , k (Ti does not contain any other cycle vertices). In every tree we can ﬁnd a vertex v that
is the parent of the leaf on the deepest level and apply σ -transformation at v to decrease the Laplacian
coefﬁcients. We perform this algorithm until we get a graph G, such that to every vertex on a cycle
only pendent edges are attached—just like a caterpillar with an additional edge that connects the ﬁrst
and the last vertex.
We further use the τ-transformation until the size of the cycle becomes equal to three, which
further reduces Laplacian coefﬁcients. After applying Lemma 1 we get that the Laplacian coefﬁcients
are minimal when all pendent vertices are attached to one triangle vertex. The uniqueness follows
from strict inequalities on Laplacian coefﬁcients when performing σ and τ transformations. 
6. Laplacian-like energy of unicyclic graphs
The Laplacian-like energy of graph G, LEL for short, is deﬁned as follows:
LEL(G) =
n−1∑
k=1
√
μk.
This concept was introduced in [3] where it was shown that it has similar features as molecular
graph energy (for more details see [4]). One of present authors showed a connection between LEL and
Laplacian coefﬁcients in [5].
Theorem 6.1. Let G and H be two n-vertex graphs. If ck(G) ck(H) for k = 1, 2, . . . ,n − 1 then LEL(G)
LEL(H). Furthermore, if a strict inequality ck(G) < ck(H) holds for some 1 k  n − 1, then LEL(G) <
LEL(H).
Using this result, we can conclude following:
Corollary 1. Let G be a connected unicyclic graph on n vertices. Then LEL(G) < LEL(Cn) if G  Cn.
Corollary 2. Let G be a connected unicyclic graph on n vertices. Then LEL(S′n) < LEL(G) if G  S′n.
Corollary 1 has been conjectured in [5]. Recall that the energy E(G) of a graph G is the sum of
absolute values of the eigenvalues of its adjacency matrix A(G). Now we can point out a connection
between Theorem1 and the following conjecture of Caporossi et al. from [6], obtained by using system
AutoGraphiX [7], which served as our initial inspiration.
Conjecture 1. Among unicyclic graphs on n vertices, the cycle Cn has maximum energy if n 7 and
n = 9, 10, 11, 13 and 15. For all other values of n, the unicyclic graphwithmaximumenergy is P6n , where
Pln is the unicyclic graph obtained by connecting a vertex of a cycle Cl with a pendant vertex of a path
Pn−l .
This conjecture is still open and best result so far is by Hou et al. [8], who showed that among
connected unicyclic bipartite n-vertex graphs either Cn or P
6
n havemaximumenergy. Zhou andGutman
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[9] recently established a connection between ordinary and Laplacian spectra of bipartite graphs, and
from Corollary 2 of their paper it follows that
2LEL(G) = E(S(G)),
where S(G) is the subdivision graph of a bipartite graph G. If G is unicyclic, bipartite and has n vertices,
then the subdivision graph S(G) is unicyclic, bipartite, and has 2n vertices. Thus,
LEL(G)max
{
1
2
E(C2n),
1
2
E(P62n)
}
= max{LEL(Cn), LEL(P3n )},
and since P3n is not bipartite, we see that indeed Cn hasmaximumLEL among bipartite unicyclic graphs.
However, this approach may not be used when G is not bipartite.
Laplacian eigenvalues of a cycle Cn are μk = 2 − 2 cos 2kπn , where k = 1, 2, . . . ,n (see, e.g., [12]).
Therefore, the Laplacian-like energy of Cn is
LEL(Cn) =
n∑
k=1
√
2
(
1 − cos 2kπ
n
)
= 2
n∑
k=1
sin
kπ
n
= 2
sin
(
n+1
2
· πn
)
sin
(
n
2
· πn
)
sin π
2n
= 2 cot π
2n
.
Corollary 3. If G is a connected unicyclic graph on n vertices, then
LEL(G) 2 cot π
2n
.
Equality holds if and only if G ∼= Cn.
From Taylor expansion of cot x, we get that, for sufﬁciently large n,
LEL(Cn) ∼ 4n
π
− π
6n
.
Consider the Laplacian matrix for graph S′n.
P(S′n, λ) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
λ − (n − 1) 1 1 1 . . . 1 1
1 λ − 2 1 0 . . . 0 0
1 1 λ − 2 0 . . . 0 0
1 0 0 λ − 1 . . . 0 0
. . . . . . . . . . . .
. . . . . . . . .
1 0 0 0 . . . λ − 1 0
1 0 0 0 . . . 0 λ − 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (λ − 1) · P(S′n−1, λ) − λ(λ − 1)n−3(λ − 3).
After simple determinantmanipulationswe can prove bymathematical induction that P(S′n, λ) = λ(λ −
n)(λ − 3)(λ − 1)n−3. Forn = 3, a triangle S′
3
∼= C3 has eigenvalues 3, 3, 0. Ifwe assume that formulaholds
for n − 1, from the recurent formula on P(S′n, λ) we get:
P(S′n, λ) = (λ − 1) · λ(λ − n + 1)(λ − 3)(λ − 1)n−4 − λ(λ − 1)n−3(λ − 3)
= λ(λ − n)(λ − 3)(λ − 1)n−3.
This means that Laplacian-like energy of S′n equals LEL(S′n) =
√
n + √3 + n − 3. Laplacian coefﬁcients
can be easily calculated using symmetric sums, because only eigenvalues that are different from 1 are
n and 3.
ck = (n + 3) ·
(
n − 3
k − 1
)
+ 3n ·
(
n − 3
k − 2
)
+
(
n − 3
k
)
.
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Corollary 4. If G is a connected unicyclic graph on n vertices, then
LEL(G) n + √n − 3 +
√
3.
Equality holds if and only if G is isomorphic to S′n.
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